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The index of coincidence for the binomial
distribution is log-convex
I. Ras¸a∗
Abstract We consider the binomial distribution with parameters n and x,
and show that the sum of the squared probabilities is a log-convex function of
x. This completes the proof of a conjecture formulated in 2014. Applications
to Re´nyi and Tsallis entropies are given.
Keywords binomial distribution, index of coincidence, entropies, log-convex
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1 Introduction
A family
(
p
[c]
n,k
(x)
)
k=0,1,...
of probability distributions was considered in [3];
see also the references therein. The numbers n > 0 and c are real, subject
to some conditions, and x is a parameter in a certain interval Ic. The cases
c = −1, 0, 1 correspond, respectively, to the binomial, Poisson, and negative
binomial distributions.
It was conjectured in [4] that the index of coincidence
Sn,c(x) :=
∞∑
k=0
(
p
[c]
n,k(x)
)2
, x ∈ Ic,
is logarithmically convex on Ic. This conjecture was validated in [1] for c ≥ 0.
2 Main results
The aim of this note is to prove the conjecture for c < 0. Without loss of
generality we may restrict to the case c = −1. Briefly, we shall prove the
following
Theorem 2.1. The function
Fn(x) := Sn,−1(x) =
n∑
k=0
((
n
k
)
xk(1 − x)n−k
)2
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is log-convex on [0, 1].
Proof. The proof is inspired by the method used in [2] in order to prove that
Fn is convex on [0, 1].
First, we need the inequalities
0 ≤ un(t) ≤
2n2√
4n2(t2 − 1) + (t−
√
t2 − 1)2 + t−
√
t2 − 1
, t ≥ 1, (2.1)
where un := P
′
n/Pn and Pn(t) are the classical Legendre polynomials. The
first inequality is well-known (see, e.g. [2, (1.2)]). We prove the second one by
induction with respect to n.
It is easy to verify it for n = 1. Suppose that it is true for a certain n ≥ 1.
Then, according to [2], (3.2) and the subsequent remark,
un+1(t) = (n+ 1)
n+ 1 + tun(t)
(n+ 1)t+ (t2 − 1)un(t)
≤
≤ (n+1)
(n+ 1)
[√
4n2(t2 − 1) + (t−
√
t2 − 1)2 + t−
√
t2 − 1
]
+ 2n2t
(n+ 1)t
[√
4n2(t2 − 1) + (t−
√
t2 − 1)2 + t−
√
t2 − 1
]
+ 2n2(t2 − 1)
≤
2(n+ 1)2√
4(n+ 1)2(t2 − 1) + (t−
√
t2 − 1)2 + t−
√
t2 − 1
,
where the last inequality can be proved by a straightforward calculation using,
e.g., the substitution t = y/
√
y2 − 1, y > 1. Thus (2.1) is completely proved.
Now let x ∈
[
0, 12
)
and t = 2x
2
−2x+1
1−2x ≥ 1. Then, according to [2, (2.3) and
(2.4)],
F ′n(x)
Fn(x)
=
2
√
t2 − 1
t−
√
t2 − 1
(
un(t)−
n√
t2 − 1
)
. (2.2)
Denote X := x(1 − x), X ′ = 1 − 2x, and let z1 < z2 be the roots of the
equation
XX ′z2 + [1 + 4(n− 1)X ] z + 2nX ′ = 0.
By using (2.1) and (2.2) we obtain z1 ≤ F
′
n
(x)
Fn(x)
≤ z2, hence
XX ′
(F ′n(x))
2
Fn(x)
+ [1 + 4(n− 1)X ]F ′n(x) + 2nX ′Fn(x) ≤ 0. (2.3)
On the other hand, it was proved in [3, (33)], [4, (4.13)] that Fn is a solution
of the differential (Heun) equation
XX ′F ′′n (x) + [1 + 4(n− 1)X ]F ′n(x) + 2nX ′Fn(x) = 0. (2.4)
From (2.3) and (2.4) we get (F ′n(x))
2 ≤ F ′′n (x)Fn(x), and so Fn is log-convex
on
[
0, 12
]
. To conclude the proof, it suffices to remark that Fn(1 − x) = Fn(x)
for all x ∈ [0, 1].
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The Re´nyi and Tsallis entropies of order 2 corresponding to the binomial
distribution are defined, respectively, by Rn(x) = − logFn(x) and Tn(x) =
1− Fn(x), x ∈ [0, 1].
So we have the following
Corollary 2.2. Rn is concave and Tn is log-concave on [0, 1].
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